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Abstract 


An  infinite  system  of  linear  equations  is  investigated  which  arises 
in  the  theory  of  diffraction  by  a  circular  aperture.  The  coefficients 
of  this  system  depend  on  a  parameter  a.  It  is  proved  that  the  solution 
of  the  system  can  be  found  to  any  degree  of  approximation  by  solving  the 
first  N  equations  for  the  first  N  unknowns,  for  N  sufficiently  large,  if 
a  is  either  real  or  purely  imaginary. 
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1.  Introduction 

We  consider  the  problem  of  diffraction  of  a  plane  scalar  wave  normally- 
incident  on  a  plane  screen  with  a  circiilar  aperture.  Let  u  be  the  solution  of 

Au  +  K^u  =  0 

which  represents  the  diffracted  wave  and  let  p,  6  be  polar  coordinates  on  the 
screen  such  that  p  =  0  represents  the  center  of  the  aperture.  We  assume  that 
on  the  screen  u  =  0,  Let  the  radius  of  the  aperture  be  a  and  let  $(p)  be 
the  value  of  u  in  the  aperture,  0  <  p  <  a.  Then  the  following  result  was  de- 
rived by  Bouwkamp'--'  using  the  variational  method  of  Levine  and  Schwinger  ^ -^ : 
If  $(p)  is  expanded  in  a  series  of  Legendre  polynomials  of  the  type 

(1.1)        5(p).  f  ^^ann  (v^^?^) 

n"0 
then  the  b  satisfy  the  system  of  infinitely  many  linear  equations 

(1.2)  r*  d    b  -  :^  5  ^, 

where  a  «  Ka,   6_  >^  -  1  and  5     _-Oifra/0,   and  where 
0,0  ro,0  '      ' 

(1.3)  d       -  (^)'    Bs^^m     XiHlVii     *     (,) 
and 

o 

In  Eq,  (l,h),  J  denotes  the  Bessel  fimction  of  the  first  kind,  and 

(1.0)  >/F^  -  -i  /^,    y/CT^  >  0 
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for  0  <  V  <  1,  The  diffracted  amplitude  at  infinity  in  the  forward  direc- 
tion is  given  by 

(1.6)  h"f    ""o' 

The  occurrence  of  an  infinite  system  of  linear  equations  is  typical 
for  the  variational  method.  The  system  (1.2)  has  the  advantage  that  its 
matrix  reduces  to  a  diagonal  matrix  if  a  ->  0  (see  Eq.  (2.9)  below).  It 
has  other  advantages  for  a  ->•  oo:  it  can  be  shown  that  the  limit 

'1     *     ,    \  (oo) 

lim  a   e   (a)  »  g^ 

a  ->oo      *        ' 

(oo) 

exists  and  that  the  infinite  matrix  with  the  general  element  g^  ^  has  a 

formal  inverse.  But  we  shall  not  use  this  fact  here. 

The  main  purpose  of  the  present  report  is  to  establish  that  Bouwkamp's 
system  (1.2)  of  infinitely  many  linear  equations  can  be  used  effectively  for 
the  purpose  of  computing  the  field  in  the  aperture  and  the  transmission  coef- 
ficient A.^  of  (1.6).  It  is  shown  that  this  can  be  done  approximately  for  all 
real  values  of  a  by  solving  the  first  N+1  equations  (1.2)  for  the  first  N+1 
unknowns  (assuming  that  the  remaining  vmknowns  have  the  value  zero).  For  suffi- 
ciently small  values  of  |a|,  this  has  already  been  proved  for  Levine  and  Schwinger's 
system  of  linear  equations  in  an  earlier  report^-*.  The  present  approach  also 
gives  some  general  insight  into  the  dependency  of  the  unknowns  b  on  the  para- 
meter o^  in  particuisr,  we  show  that  the  b  are  analytic  functions  of  the  complex 
variable  a  which  do  not  have  any  singularities  on  the  imaginary  a-ajd.s  (see 
Theorem  I). 
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2,  A  Fredholm  integral  equation  equivalent  to  Bouwkamp's  system  of  linear 
equations 

Instead  of  Bouwkamp's  coefficients  b  for  the  expansion  of  the  field 
in  the  aperture  we  now  introduce  the  quantities 


(2.1) 


5  =  (-1)"  r(n^  3/2) 
ni 


n 


and  consider  the  system  of  linear  equations 


CO 


(2£) 


=  t 


m 


(n,in  =  0,    1,    2,,..), 


where 


(2.3) 


°n,ra    °n,m 


n+ra 


f^ 


•^2m.3/2^°^^   •^2n.3/2^^^^  T 


If  we  put  5       =  0   (ra  /  n),   5       =1,   and  define 
^         m,n         ^     '       '     n,n       * 


(2.U) 


^     r(ni-3/2)       '"'^ 


m 


then  the  system  (2.2)  is  the  equivalent  of  Bouwkamp's  system  for  the  new  un- 

knows  s  and  the  new  right-hand  sides  t  •  The  conditions  for  the  b  imply  the 
n  °  m  n   ^  •' 

following  conditions  for  the  s  :  first,  that 


(2.5) 


00  /  1  \n  I 
lim   r  U7  "\  s  P^  ,(1-6) 
e  -►  0  0   r(n*3/2)   n  2n+l^ 


exists,  and  second,  that 


(2.6) 


00 

s 

E 

n 
1 

n=0 

"^ 

<  00 


-  u  - 

Condition   (2.6)  can  be  derived  from  the  fact  that  the  field  in  the  aperture 
must  be  square  integrable  and  from  the  equation 


lim  rin*3/2)       .  ^ 
^•*°°  ni  ^^172 

We  shall  now  investigate  the  system  (2.2)  under  the  assumption  that 

00 

(2.7)  r.     (^*^^  i^ml  <  °°* 

m»0 

which  is  obviously  justified  for  the  particular  values  of  the  t  in  (2»k). 

m 

For  this  purpose  we  need  the  following 
Lemma  ly     Let 


.00      >y- 


(2.8)  G  =  G(s,6;a)  »  t i 1  sin  (avs)  sin   (avo-)dv, 

where 

\/v^  -  -i  yi-^      for        0  <v  <1     . 

Then 

1     1 

(2.9)  f    r    G(s,(r,a)  P2„^^(s)  ?2m*l^'^^  '^^  '^°' 

Proofs     From  the   'degenerate*  addition  theorem  for  Bessel  functions 
[see   [6],   p.  IO2J   we   have 

(2.10)  sin(avs)  -   [n/(2a)]l/2     ^^  (-l)'"(Um+3)  J2m+3/2^''''^  ^2m+l^^^' 

The  series  in  (2.10)  converges  absolutely  and  uniformly  for  all  real  values 
of  a,  v  and  s  if  0  <  s  <  1, 
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By  substituting  the  right-hand  side  of   (2.10)  for  sin(avs)    [and  the 
corresponding  expression  for  sin(avff)]   in  the  right-hand  side  of   (2.8)  we 
find 

(2.11)0-^     r     ^/ZJ:|-;Id.E       (-l)'""(ta.3)(ta*3)  J2„,(3/j)(av)J2„^(3/j)(av) 

•  P2r«*l^^^  ^n*l(^>  • 
Now  we  can  derive  (2.9),  with  the  g    as  defined  in  (2.3),  from  (2.11);  for 


this  we  use  the  orthogonality  relations 


?■  6 


(2.12) 


^2.*&^   ^2n.l'')  ^=  -  Sif  ' 


'O 


and  the  following  special  case  of  the  Sonine-Schafheitlin  integral  (see  [6],  p.  51); 


r 


(2-">  I   ^2„*3/2<"'  ^2n»3/2(-'  T  -  S^ 


This  derivation  of  (2.9)  requires  exchanging  the  order  of  summation  and  integra- 
tion in  (2.11),  which  is  easily  Justified. 

Lenma  1  leads  immediately  to  an  integral  equation  of  the  second  kind 
whose  kernel  is  —  G(s,<yja)^  this  equation  is  equivalent  to  the  system  (2.2). 
Indeed,  if  we  introduce  the  functions 

00 

(2.11i)  S((t)  -  E   s  P2n*i(^' 

(2.15)  T(s)  -  f   t  P    (s), 

K"0 

then  Eqs.  (2.9),  (2.2)  and  (2.12)  immediately  give  the  result 
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(2.16)  T(s)  =  S(s)  +  ^    a(s,(5';a)  S((5^  cKT. 


|p  I  C}(s,(5';( 


It  is  easy  to  see  that  any  continuous  solution  S(s)  of  (2.16)  leads, 
via  (2. Hi),  (2.15)  and  (2.9),  to  a  solution  of  (2.2)  satisfying  (2.5^)  and 
(2.6).  This  is  due  to  the  fact  that  G(s,(5',a)  can  be  expanded  in  a  power  ser- 
ies in  s  +  <T"  and  |  s-tfj  which  is  everywhere  convergent,  (see  (3.2),  (3.3)  be- 
low). Therefore,  the  integral  on  the  right-hand  side  of  (2.16)  satisfies  a 
Lipschitz  condition  if  S(o')  is  continuous.  From  this  it  follows  that  S(s)  - 
T(s)  can  be  expanded  in  a  series  of  type  (2.1$)  satisfying  (2.5)  and  (2.6),  and 
from  (2.7)  the  same  follows  for  S(s)  itself. 

It  is  more  difficult  to  show  that  every  admissible  solution  of  (2.2) 
leads  to  a  solution  S(s)  of  (2.16).  We  can  omit  a  discussion  of  this  problem 
because  we  shall  prove  later  that  (2.16)  has  a  continuous  solution  S((r)  for 
all  finite  real  positive  values  of  a.  Therefore,  we  always  have  an  admissible 
solution  of  (2.2),  and  it  follows  from  well-known  uniqueness  theorems  (Bouwkamp "- -■ , 
Meixner'^-')  that  there  cannot  be  a  second  such  solution.  Finally,  we  shall  prove 
that  the  solution  S((r)  obtained  from  (2.16)  could  also  be  derived  from  (2.2)  by 
solving  the  N  first  equations  for  the  N  first  unknowns  in  (2.2)  and  letting 
N  ->•  00  (see  Section  5). 

3,  Various  forms  of  the  kernel  G(s,q;a) 

For  a  detailed  study  of  the  integral  equation  (2.l6)we  need  various 
forms  of  the  kernel  G.  We  have: 

Lemma  2»  The  kernel  G(s,oja)  can  be  defined  for  all  complex  values 
of  a  and  for  all  real  values  of  s,crby 
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oo 


(3.1)  G(s,<yja)  -  j  L/v   -1  -vj  sin(avs)sin(avcT^  -^ 


"^ 


(3.2)  "-|  J  "^   ^e^^^^l^-^  _^iaw(s*a)l  ^ 

(3.3)  "  -i     j       W"-"^^   *iH^(aT)^  f, 

where  J^  denotes  the  Bessel  function  of  the  first  kind  and  H^ 
denotes  the  Struve  function. both  of  order  one.  Eqs.  (3.2)  and  (3.3) 
provide  formulas  for  the  analytic  continuation  of  G(s,<J5a)  into 
the  complex  o-plane. 

Proof:  We  shall  derive  (3.2)  for  s  >  (3",  that  is,  for  |s-<r|  ■  s-0". 
Since  G  is  symmetric  in  s  and  O^  this  will  prove  (3.2)  completely.  By  using 
the  elementary  formula 

/^  I  \  I   •  /   ^  •  /  _^    iav(s-o^   iov(s+cr) 

(3,U)  U  sin(avs)3in(avo^)  »  e        -e 

-iav(s-O')   -iavCs+O") 
+  e         -e        f 

we  can  split  the  integral  in  (3.1)  into  the  two  parts: 

(3.5)  G^  .  Hj^l   -v)  Ll«v(3-^)  .^iau(.«)j  ^ 


'O 

and 

(3.6)  °- "   f  W^-vy 


-iau(s-a-)   -iav(3+0')l  dv 


By  deforming  the  paths  of  integration  in  the  complex  v-plane,  we  can  write 
(see  Fig.  1): 


(1+)   iqp  -too 

^  ■  J   *  J  '      °-  •  J   • 


(3.7) 

'o    'o  "o 
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New  path 
for  G. 


\!^ 


■^Old  path 


New  path 
for  G 


Figure  1 

If  we  take  into  account  that    \/v  -1  ■  -i  v/l-v      for  0  <  0  <  1  on  the  old  path 
of  integration,   we  can  derive   (3.2)  from  (3.7)  by  a  straightforward  computation. 

In  order  to  derive   (3.3),   we  observe  that    (3.2)  can  be  written  in 
the  form 


(3.8) 


■4  [is-iol 


e  dt  >  dw. 
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By  exchanging  the  order  of  integration  in  (3ofi)  and  using  the  integral  repre- 
sentations (see  Erdelyi*- ""j  pp.  lU,  37) 

1 

(3.9)  'T"^  J^(ar)  =  ^   I  cos  (aTw)  yl-w^  dw 

-^ 

1 

(3.10)  T'-"-  H^(aT)  -  ^   j  sin  (aOTw)  VC?  dw 

^o 

we  find  that  Eq.  (3.3)  follows  immediately  from  (3«2). 

We  shall  mention  here  a  result  which  describes  the  behavior  of  G  for 
a  ->  00  and  which  is  important  in  connection  with  the  asymptotic  behavior  of 
the  field  in  the  aperture  for  large  values  of  a.  We  have: 

(3.11)  lijn   G(s,<3ia)  =.  -  |  log  U^  . 
a  ->  00  '  ^"^ 

The  proof  will  not  be  given  here. 

U,  Existence  of  the  solution 

In  this  section,  the  following  result  will  be  proved: 

Theorem  I«  The  Fredholm  integral  equation 

1 
G(s,(r;a)  S(o-)  d<r 


(U.l)       T(3)  -  S(s)  -H  ^ 


has  exactly  one  continuous  solution  S(a^  if  T(s)  satisfies  (2.7) 
and  if  one  of  the  following  conditions  is  satisfied: 

(i)  a  is  real 
(ii)  a  is  purely  imaginary 
(iii)  |a|  is  sufficiently  small. 

For  the  proof  of  Theorem  I  we  shall  use  the  representation  (3.2)  of 
the  kernel  G.  For  the  case  where  (iii)  is  satisfied.  Theorem  I  has  been 
proved  elsewhere^-".  In  fact,  Eq.  (U.l)  is  equivalent  to  the  infinite  system 
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of  linear  equations  treated  in  [3],  whose  solution  was  shown  to  be  an  analytic 
function  of  a  for  sufficiently  small  values  of  |a|. 

In  order  to  prove  Theorem  I  for  the  case  where  (i)  is  satisfied,  we 
may  proceed  as  follows: 

Eq.  (U.l)  is  a  fredholin  integral  equation  with  a  continuous  kernel 
(according  to  (3.2)).  It  is  known  (see  [?]  )  to  have  a  uniquely  determined 
continuous  solution  S(o")  for  any  T(s),  provided  that  the  homogeneous  equation 

1 
(U.2)  S(s)  +  ^  r  G(s,05a)  S(cr)  do"-  0 

o 
does  not  have  a  continuous  solution  different  from  zero.  Now  let  a  be  real, 
and  put 

(U.3)  S(s)  -  u(s)  +  i  v(s), 

(U.U)  ~  G(s,aja)  -  K(s,a)  +  i  L(s,o^, 

where  u,v,K,L  are  real-valued  functions.  Then,  by  splitting  (U.2)  into  its 

real  and  imaginary  parts,  we  find 

1 
(U,5)  j  [K(s,o-)  u(or)  -  L(s,(y)  v(cr)]  dcr*  u(s)  =  0, 

(U.6)  I   [k(s,o^  v(cr^  +  L(s,<r)  u(cr)]  da-+  v(s)  -  0. 

■^ 

If  we  multiply  Eq,  (U.5)  by  -v(s)  and  Eq.  (U.6)  by  u(s)  we  find,  after  adding  the 

resulting  equations  and  integrating  with  respect  to  s: 


(U.7) 

J 


[v(s)  L(s,a)  v(o-)  +  u(s)  L(s,(r)  u(cnG  ds  d<r-  0. 
o  -'o 


-  u  - 


If  we  can  show  that  L(s, cr)  is  a  negative  definite  kernel  for  a  >  0,  that 
is,  if 

(U.8)  I  j  v(s)  L(s,(y)  v(<r)  ds  d<r<  0 

o  ^o 

whenever  the  continuous  function  v(s)  does  not  vanish  identically,  then  we 

know  that  (U.7)  can  be  satisfied  only  if  u(s)  =■  v(3)  »  S(s)  s  0.  Therefore, 

Part  (i)  of  Theorem  I  would  be  proved  if  (U.8)  were  proved.  Now  we  have 

from  (3.2) 

(U.9)  L(s,<r)  -  ^     I      [cos   [aw(s+<T)]   -  cos   [aw(s-crgl     vC7    ^ 

o 

1 

=  -  —     I      sin(aws)  sin(aw<?)    J\~\r     —  , 
n    J  w  ' 

o 

and  therefore  the  left-hand  side  of   (1;,8)  can  be  written  as 


(U.IO)  -  £^     [     [     [     sin(aw3)  sin(awtf)  v(s)  v(a-)    yC?  ds  dcr  — 


1 


^     N    r    sin(aws)  v(s)  da.        /I7    ^ 


The  integrand  in  the  right-hand  side  of  (U.IO)  is  non-negative,  and  therefore 
the  integral  with  respect  to  w  can  vanish  only  if 

(U.ll)  I  sin(aws)  v(s)  ds  =  0 

'o 

for  0  <  w  <  1,  Now  the  left-hand  side  of  (U.ll)  is  an  analytic  function  of  w. 
Expanding  it  into  a  power  series  in  w,  and  observing  that  all  the  coefficients 
of  this  series  must  vanish,  we  find  that 
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1 
(U.12)  a"  I  s"  v(s)  ds  -  0,         (n  -  0,  1,  2,...)  . 

If  a  >  0,  it  follows  from  (U»12)  that  v(s)  =.  0  if   v(s)  is  continuoiis.  If 
a  »  0,  then  S  ■  u  +  iv  vanishes  identically  because  of  (U.2).  If  a  <  0,  then 
L  becomes  positive  definite,  and  (U»ll)  is  true  again.  This  completes  the 
proof  of  assertion  (i)  of  Theorem  I. 

To  prove  assertion  (ii)  of  Theorem  I  we  put  o  ■  ip,  where  p  is  real. 
In  this  ca.=  e,  (U.2)  becomes 


1 


Q(s,cJ-jp)  S(<r)  do--  0, 


(H.13)  S(3)  +f 

where,   accordiiig  to  (3.2): 

^O 

Obviously,  (U.13)  cannot  have  a  non-trivial  continuous  solution  3(0")  if 
Q(s,05P)  is  a  positive  kernel  for  p  >  0  smd  a  negative  kernel  for  B  <  0. 
It  may  suffice  to  treat  the  case  where  p  >  0.  Let 


|ePP^  If     s>p 


otherwise. 


(U.l^) 

T(s, 

p)-   ■ 

0 

Then  we 

have 

.1 

(U.16) 

Q(s 

,05P) 

SB 

-4 

2pe' 

-P 

...    r 


T(s,p)  T((j;p)  dp>  vA-w^  dw  . 


In  order  to  compute 

1     1 
(U.17)  I      I       S(s)  Q(s,o5p)  S(a^  ds  doj 


O    "O 
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we  shall  introduce 

1 


(h.l8)     j2((p,w)  -  (    e'^"^   T(s,p)  S(s)  ds  -  f  e^P^^P"^^  S(s)  ds. 


Obviously,  0(p,w)  is  a  continuous  function  in  p  and  w  if  S(s)  is  continuous, 
and  ^  can  vanish  identically  only  if  S(s)  is  identically  zero.  Ey  combining 
(h.l6)  and  (U.18)  we  find  that  the  double  integral  in  (U.17)  can  be  written 
in  the  form 


(U.19)  2p 


I   [0(p,w)]^v/Cw  dp  dw. 
'o  o 

Since  the  expression  (l4.»19)  is  positive  for  p  >  0  unless  0  vanishes  identically, 

we  see  that  (U«19)  is  positive  unless  S(s)  vanishes  identically,  and  this  proves 

assertion  (ii)  of  Theorem  I. 

5.  Approximate  solution  of  the  set  of  linear  equations 

It  was  mentioned  in  the  introduction  that  given  an  infinite  set  of 
linear  equations,  it  is  important  to  know  whether  an  approximate  solution  can 
be  found  by  solving  the  first  N+1  equations  for  the  first  1^1  xinknowns,  i.e., 
by  proceeding  as  if  all  of  the  other  unknovms  were  zero.  We  shall  call  this 
procedure  'solving  for  the  N+1  first  unknovms',  and  we  shall  prove  that  it  is  a 
legitimate  method  in  the  case  of  Bouwkamp's  equations  for  all  real  values  of 
the  parameter  a.  For  this  purpose,  we  shall  introduce  still  another  set  of 


unknows  <r  J 
n 


(5.1) 


3„        n  n(n*3/2) 


Correspondingly,  instead  of  taking  the  t  of  Eqa  (2.2),  we  introduce  the 


<5-^'         '^.■^' 


m 
t 


-  lii  - 


and  instead  of  the  g    there  we  define  another  set  of  coefficients 

n,m 


(5.3)  T„^„  -    /m?J   yniSTJ    g^^^  . 


Then  we  have  instead  of  Eqs.    (2.2): 


00 


According  to  Lemma  1,  (Eq.  (2.9)),  we  may  write: 


(5.5)  Y    -  6    +  ~  K    , 

^  n,m    m,n   n   n,m  * 


where 

1  1 


v--ii— ="»•.'•>*"---'• 


'O   O 

We  shall  use  the  notation 


(5.6)         jZ(^(s)  -y!I^P2^^^(s), 


where  the  fxinctions  J^  (s)  form  a  complete  orthonormal  set  of  functions  for  the 
interval  0  <  s  <  1,  Therefore  we  can  write 

(5.7)  G(s,<r,a)  -  Z  ^  \^  ^J^K^"^^' 

n,B»"0 

The  function  G  in  (5.7)  is  approximated  by 

(5.8)  G^(s,o',a)-  r   K    |?f^(s)jZl^(c^, 

n,  npo   ' 

in  the  sense  that 


(5.9)  lim      I   [G(s,o-,a)  -  Gjj(s,cr,a)]2  ^g  dor-  0 
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for  any  fixed  value  of  a.  Now  we  can  formulate  and  prove  the  following  re- 
sult for  the  solution  for  the  first  N+1  unknowns  of  the  set  of  linear  equa- 
tions (5.U)s 

Theorem  lit   The  determinant  Za„  of  the  finite  set  of  linear 
■  N 

equations 

N 

(5.10)      E  Y„  „  <r  -  ^^  (m  -  0,  1,...N) 

*— _  m,  n  n    m 

n»0   ' 

does  not  vanish  for  any  real  value  of  a.  The  unique  solution 


(5.11)      ^  "  *^  N  (n  -  0,  1,...,N) 

of  (5»1C)  has  the  property  that 


(5.12)      lim  o-^^'O- 

N  -!»00    *       ' 

exists  for  all  n  and  that  the  <r  ^  satisfy  the  original  equations 
(5.U). 
We  shall  derive  Theorem  II  from  the  following 

Theorem  III;  For  real  values  of  a,  the  integral  equation 


1 
(5.13)   Sj,(s)  *f 


has  exactly  one  solution 


Gjj(s,<r,a)  Sjj(ff)  d<r-  Tj^(s) 


(5.11.)    S^(a^.  ^0  ""^'N  ^"^""^ 


if 


N 

(5.15)    T  (s)  -  YL    \^rSs)' 

n"0 


-  16  - 


Proof:     Let  L.(s,0",a)  be  the  imaginary  part  of  G   (s,o;a).     If  the 
homogeneous  equation  (5«13)  has  any  solution  at  all  it  must  be  of  the  type 
(5.1h),   and  we  can  write 

N 

(5.16)  S  (s)  -    r    (u    +  iv^)  0M  -  VJa)  *  iV  (o-) 

N  zr~r\      n  n      n  N  a 

n"U 

where  vl,  v  ,   IL.,   and  V     are  real  and  where 

(5.17)  Uj^(s)  I^(s,cr,a)  Ujj(a-)  ds  d<r  + 


Vj^(s)  I^(s,o5a)  Vjj(<t)  ds  da-  0 


o  'o 


(see  Eq.  (U»7))»  But  ($.1?)  cannot  be  satisfied  unless  u  «  v  «  0  for 
n  =  0,  1, ...jN,  since 

(5.18)       I   r  Dj^(5)  I^(s,o-,a)  Ujj(a)  ds  da 


Uj^(s)  L(s,(r,a)  U^{cr)   ds  da7 


^ere  L  is  the  imaginary  part  0(3,050),  Now  we  know  from  the  remarks  after 
(U.8)  that  the  right-hand  side  of  (5.18)  is  always  less  than  0  for  a  >  0, 
and  vice  versa,  unless  U„:sO.  Therefore,  (5.13)  has  at  most  one  solution 
and  it  follows  from  Fredholm's  theory  that  it  has  exactly  one  solution. 

Now  we  can  prove  Theorem  II,  If  we  write  the  only  solution  of  (5»13) 
in  the  form  (5.1U),  the  coefficients  a  „  must  sati&fy  Bq.  (5.10).  According 
to  Theorem  III,  these  equations  cannot  have  more  than  one  solution,  and  there- 
fore the  determinant  of  the  system  does  nob  vanish.  This  proves  the  first  part 
of  Theorem  II.  The  second  part,  namely  the  proof  of  (5.12),  is  somewhat  tedious; 


-  17  - 

we  shall  outline  the  proof  here.  S(s)  is  the  imiquely  determined  solution  of 
(2.16).  Then  it  suffices  to  show  that 

(5.19)  llm    I   |s(s)  -  S„(s)|2  ds  -  0. 

N  -».oo  J  " 

o 

In  fact,  because  of  Parseval's  equation,  we  have 

(5.20)  I    |s(s)  -  s^(.)l^  as  -    f    |o-„  -  ^J^  .   f     l^l^ 


n-0 
where 


n-N+1 


'■■/ 


cr    -     I     S(s)  ^^(s)  ds. 


Therefore,  (5.19)  implies  (5.12).  In  order  to  prove  (5.19),  we  may  proceed 
as  follows.  By  subtracting  (5.13)  from  (2.16)  we  find 

(5.21)         S(s)  -  S^(s)  +  ^  j  G(s,cr)  [s((r)  -  Sjj(cr)] 


-  T(s)  -  Tjj(s)  -  j   [G(s,cr)  -  Gjj(s,<r)l  S^M  dr. 


o 

Now  let  R(s,cr)  be  the  resolving  kernel  of  (2.16).  According  to  Theorem  I, 
it  follows  from  Fredholm's  theory  that  R  is  a  continuous  function  of  s  and  o" 
such  that  the  solution  of  (U.l)  can  be  written  in  the  form 

1 

(5.22)         S(s)  =  T(s)  *     \     R{3,a)   T(a)  dcr. 

o 

If  we  look  upon  (5.21)  as  an  integral  equation  for  S(s)  -  S„(3),  we  obtain 

from  an  application  of  (5.22): 
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(5.23) 


S(s)  -  Sjj(s)  =  ys)  +    R(s,0)  yo^  da; 


where  H„(s)  denotes  the  right-hand  side  of  (5.21).  Since  as  N  ->•  oo 


(5.2U) 


T(s)  -  T^(s) 


ds  -►  0, 


(5.19)  is  true  if 


1    1 


(5.25)  j  I  I   rG(s,cr)  -  Gj^(s,cr)]  S^icr)   dtf  ^  ds 


0  ■  o 


i'N 


3,(-) 


dtj; 


where  6„  ->►  oo  as  N  -»•  oo.   In  fact,  it  follows  from  (5.25)  and  (5.23)  by  a 
standard  procedure  that  (5.19)  holds.  Since  (5.25)  is  a  consequence  of  (5.9) 
and  of  Schwartz's  inequality, Theorem  II  is  true. 
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